
International Journal of Fuzzy Systems, Vol. 9, No. 3, September 2007                                           133  

 
Study on Fuzzy CMAC and Its Equivalence to Neural Fuzzy Networks 

 
Shun-Feng Su and Shu-An He 

 
Abstract1

The Cerebellar Model Arithmetic Controller 
(CMAC) is an intelligent controller like neural 
networks. Different form neural networks, CMAC 
can be regarded as one kind of “table-look-up” 
learning. Research shows that by including the fuzzy 
concept into the cell structure of CMAC, the 
accuracy can be significantly improved. Such an 
approach is called Fuzzy CMAC (FCMAC). In this 
study, it will be shown that FCMAC is very similar to 
the Neural-Fuzzy Networks (NFN) under certain 
conditions. In fact, if the locations of fuzzy rules in 
NFN are arranged to be the same as the locations of 
the cells in FCMAC, then we can say that NFN and 
FCMAC are equivalent provided that the simplified 
TSK fuzzy model is considered in NFN. This paper is 
to report our study about the learning performance 
comparison between FCMAC and NFN. It can be 
found that because FCMAC has more than one layer 
to improve the association while retrieving data, the 
generalization capability is better than that of NFN. 
From simulation, it is evident that the FCMAC model 
has faster error convergent speed and better noise 
tolerance. 

Keywords: Fuzzy CMAC, Neural Fuzzy Networks, 
Equivalence. 

 
1. Introduction 

 
The Cerebellar Model Arithmetic Controller (CMAC) 

is a neurological model often used as an adaptive system 
for human-like nonlinear controller design. The model of 
CMAC was first proposed in [1], [2] and employed in 
various applications [3]-[11]. The learning mechanism of 
CMAC is to imitate the cerebellum of human being. 
Actually, the CMAC is also referred to as an associative 
neural network in which a small subset addressed by the 
input space determines output instantaneously, and this 
operation has been regarded as a special way of 
table-look-up leaning mechanism. Several advantages 
regarding CMAC including local generalization and 
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rapid learning convergence have been demonstrated in 
the literature [12], [13]. The basic operational concept of 
conventional CMAC can be found in [14], [15]. Early 
studies on CMAC are focused on research issues such as 
improvement of the CMAC topology structure [16]-[18], 
selection of learning parameters [19], convergence 
property of CMAC [12], [13] and modification of 
learning algorithms [14]. 

Another group of study on CMAC is to improve the 
accuracy capability by including the fuzzy concept into 
the cell structure of CMAC. This CMAC model is called 
Fuzzy-CMAC (FCMAC) [15], [20]-[22]. As expected, 
the fuzzy kind of interpretation capability indeed can 
increase the accuracy of the representation of the stored 
knowledge in FCMAC. In this study, it will be shown 
that FCMAC is very similar to the Neural-Fuzzy 
Networks (NFN) [23]-[31] under certain conditions. 
NFN is basically a fuzzy model in which the learning 
mechanism used in neural networks is employed. NFN 
has been shown to have nice modeling capability in 
various applications [23], [24], [26]-[29]. In fact, due to 
the fulfillment of the minimum disturbance principle 
[26], [30] in fuzzy systems, neural fuzzy systems are 
always claimed to have better modeling performance 
than neural networks do. In fact, if a FCMAC model has 
only one layer for each dimension, then it will be exactly 
the same as NFN. Then, an interesting question arises: is 
there any advantage for using FCMAC while the layer 
number is not 1? If the answer is positive, then another 
question may be asked: how many layers should 
FCMAC have? Such questions are investigated in our 
study and the results of simulations are reported in this 
paper. 

In Section 2, the concept of conventional CMAC and 
of FCMAC is given. In Section 3, we briefly introduce 
the structure of NFN. Besides, the similarity between 
FCMAC and NFN is pointed out and discussed in the 
section. Experiments are conducted to demonstrate the 
learning performances of FCMAC and of NFN. Three 
aspects are investigated in our study. The first aspect is 
to discuss the learning properties of FCMAC and of 
NFN. The second aspect is to check their generalization 
capability. Finally, we also study the issue of the number 
of blocks or of layers in FCMAC. The results of the first 
two aspects are reported in Section 4. In Section 5, the 
performance analysis about the issue of the number of 
blocks or of layers in FCMAC is shown. Finally, 
conclusions are given in Section 6. 

© 2007 TFSA 
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2. Cerebellar Model Arithmetic Controller 
 

CMAC is a neurological model that is often used as 
an adaptive system for human-like nonlinear controller 
design. CMAC can learn functions for many degrees of 
freedom and products outputs by referring to a table 
rather than by solving mathematical equations. In this 
section, we shall introduce the concept of conventional 
CMAC and the concept of FCMAC, which include the 
fuzzy concept into CMAC to have better accuracy. 

CMAC can be regarded as a “table-look-up” scheme. 
The basic structure of CMAC is shown in Figure 1. In 
general, two phases of operations are performed in a 
CMAC algorithm, the output producing phase and the 
learning phase. The output phase contains three parts. 
First, the input data are mapped into the learning space 
encoded by = ( )1 2 Nds ,s ,...sks  where Nd is the 
dimension number. Secondly, the mapped states of every 
dimension,  (another name is location in the 
literature) in the learning space is transformed into the 
association cell (or called hypercube) indices, 

. As shown in Figure 1, the 

learning space s

1 2, ,... Nds s s

1 2( ), ( ),..., ( )
Cnb b bk ks s sk

k

⎤
⎦

⎤
⎦

k uses indices  to 

address the stored weight  in cells. 

Finally, the output is computed as the product of the 
memory index vector Γ  and the weight vector w, 
where  and 

. Note that different states in the 

learning space should be mapped into at least one 
different cell index, but the association cell indices 
mapped by similar states may share some common cells 
for adjacent states. Thus, CMAC possesses the 
generalization ability. The learning phase is to update the 
addressed weights in memory cells according to the error 
between the desired output and the actual output. 

1 2( ), ( ),..., ( )
Cnb b bk ks s s

1 2, ,...,
Cnw w w

1 2( ) ( ) ... ( )
C

T
nb b b⎡

⎣= k k kΓ s s s

1 2 ...
C

T
nw w w⎡

⎣=w

It is easy to find that the accuracy of convention 
CMAC is not good enough if the number of cells is not 
large enough. However, if more cells are used, the 
training patterns must also be sufficient to cover all cells; 
otherwise, those unlearned cells will seriously affect the 
modeling accuracy. It is nature to consider the 
incorporation of the fuzzy concept to improve the 
accuracy of CMAC. Various fuzzy CMAC approaches of 
including fuzzy set theory into CMAC have been 
proposed in the literature [32], [33]. The effects of 
FCMAC indeed are significant as reported in the 
literature. 

Figure 1 Basic operational concept of CMAC. 

Fuzzy set theory was introduced by Zadeh in 1965 
[34] and has been successfully employed in a variety of 
fields in recent years. It is initially proposed as a tool to 
model inaccurate information inherent in human 
reasoning. In FCMAC, the concept of fuzzy is 
incorporated into CMAC models so as to provide more 
accurate resolution. The mapping process of FCMAC is 
almost the same as that of CMAC except that some 
fuzzy mechanisms are incorporated into the mapping 
process. We shall introduce them in the following: 
Step 1. (Input data → Learning space): The mapping 

process of this step is like that of convention 
CMAC. But in FCMAC, the fuzzy set is 
incorporated into this step. The fuzzy 
membership function is included into the blocks 
and it is to say blocks are fuzzified [33]. Figure 2 
is an example. This kind of approach is used in 
this paper. Due to the inclusion of membership 
functions into blocks, bj is not longer either 1 or 0 
but a value between 0 and 1. 

 
Figure 2 A 2-D FCMAC structure. 
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Step 2. (Learning space → Memory index): At step 1, 
FCMAC uses the fuzzification method of the 
fuzzy system as its input addressing scheme. The 
entry of the memory index vector Γ is obtained 
by combining (producting together) those 
membership degrees of the associated blocks.  

Step 3. (Memory index → Output): This step is all the 
same as that of convention CMAC. The output is 
described as 

1
( ) ( )

Hn

j j k
j

y w i
=

= = ×∑Tw Γ b s         (1) 

Step 4. (Output → Weight update): This step is similar 
to convention CMAC, but some differences exist. 
The weight updating algorithm is described as  

1
( 1) ( ) ( ) ( ) ( )

L

Hn

j j j j jk d k
j

w i w i b s y w i b s
n
α

=

⎡
⎢ ⎥
⎢ ⎥⎣ ⎦

+ = + − ×∑
⎤   (2) 

In this kind of FCMAC, fuzzy sets are employed to 
fuzzify the index of the addressed cells. There are also 
other types of CMAC or fuzzified CMAC methods 
discussed in the literatures. For example, in [35], the 
authors proposed a locally weighted regression 
technique (LWR_CMAC) to organize the collected 
weights and make the output of the learning module 
differentiable so that the error can be back-propagated to 
determine the responsibility of each input component. In 
[36], the authors used an optimal weight smoothing 
method to cancel a disturbance input in the control loop. 
There is another approach, Hierarchical CMAC 
mentioned in [38]. The Hierarchical CMAC consists of a 
self-organizing input space module and a hierarchical 
network to facilitate the fuzzification process. Besides a 
recurrent CMAC is proposed in [39], [40]. 

Traditionally, triangular membership functions are 
used in FCMAC. A tip about how to efficiently employ 
triangular membership functions is also presented in [15]. 
In this study, we intend to investigate the comparison 
between FCMAC and NFN. In order to have the same 
learning effects, the backpropagation (BP) learning 
algorithm, which is often used for NFN, will also be 
used. It is noted that if triangular membership functions 
are used, it is difficult to apply the BP learning algorithm 
because the algorithm needs to take derivative of any 
functions used and triangular functions have points that 
are not differentiable. Thus, in this study, Gaussian 
functions are used as fuzzy membership functions both 
in FCMAC and in NFN. In fact, such a CMAC model is 
often called Gaussian-CMAC (GCMAC) [37]. In this 
paper, we still refer it as FCMAC. 

 
 
 

3. NFN and Its Similarity to FCMAC 
 

In our study, we found that FCMAC and NFN have a 
similar structure if certain conditions are satisfied. In this 
section, we shall introduce the architecture and the 
learning procedure of NFN [23]-[30]. Figure 3 shows a 
general architecture for NFN [26], [27], [41], [42]. It is a 
network with four layers of neurons. They are the input 
layer, the linguistic term layer, the rule layer and the 
output layer. In our implementation, the numbers of 
neurons in hidden layers are nB and nB H. The vector sk is 
mapped into the linguistic term layer and yields the 
output as 

2 2( )( ) u uks m
ub e σ− −=ks , 1,2,..., Bu = n . Then, 

the outputs of the linguistic term layer are sent to the rule 
layer and its output is computed as , where wi iw b⋅ i is 
the weight of neuron i in the rule layer and  

Hn .  2 2 2 2( ) ( )( ) ( ) ( ) ,    1, 2,...,u u v vk ks m s m
i u vb b b e e iσ σ− − − −= × = × =k k ks s s

Here, the fuzzy rule structure used is the simplified TSK 
fuzzy model [43], in which the consequence parts of the 
fuzzy rules are crisp values (i.e., wi). Let the weight 
vector be 1 2 H

T

nw w w⎡ ⎤= ⎣ ⎦w L and the relative 

degree vector Γ  be . 
Then, the overall output is [41], [42]: 

1 2( ) ( ) ( )
H

T
nb b b⎡ ⎤⎣ ⎦Γ = k k ks s sL

1
( ) ( )

Hn

j j k
j

y w i b
=

= = ×∑Tw Γ s .          (3) 

Figure 3 A general Neural Fuzzy model. 

It can be found that Equations (1) and (3) are the same. 
Now, if the same learning algorithm (BP) is employed, 
the resultant systems will be the same after training. In 
other words, if the locations of fuzzy rules in NFN are 
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arranged to be the same as the locations of the cells in 
FCMAC, then we can say that NFN and FCMAC are 
equivalent provided that the simplified TSK fuzzy model 
is used in NFN. Of course, usually the locations of fuzzy 
rules in NFN are simply spread out for each variable 
independently. On the other hand, FCMAC has the 
“layer” structure in each dimension. Therefore, if a 
FCMAC model has only one layer for each dimension, 
then it will be exactly the same as NFN. Then, an 
interesting question arises: is there any advantage for 
using FCMAC while the layer number is not 1? If the 
answer is positive, then another question may be asked: 
how many layers should FCMAC have? Such questions 
are investigated in our study and the results of 
simulations are reported in the following sections. 

In the literature, there are two different ways of tuning 
parameters in the consequences of a TSK fuzzy model. 
They are the recursive least square method [23], [31] and 
the traditional BP learning algorithm [24]-[26]. From our 
early study [26], the performances of those two 
approaches are not significantly different. In fact, due to 
the use of the simplified TSK fuzzy structure, there is 
only one unknown parameter for one rule in the 
recursive least square method. Thus, while the 
correlation between rules is neglected, it becomes a 
simple update algorithm and is similar to the perceptron 
learning [44], in which the error is directly used as the 
error signal in the learning process. This perceptron 
learning algorithm is simple and institutive [42]. In this 
study, in addition to the BP learning algorithm, we also 
consider this learning algorithm in our experiments for 
comparison.  

 
4. Comparison for FCMAC and NFN 

 
In this section, we shall report our analysis on the 

comparison between FCMAC and NFN. Experiments 
are conducted to illustrate the comparison. In the study, 
two functions are used as test instances; they are 
sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −

,1]∈ −

 (marked as example i) 
and  (marked as example 
ii). In this implementation, 1600 (40×40) training data 
patterns are obtained with equally sampling on the x and 
on the y axes, respectively. It is known that the 
performance of a learning scheme can be evaluated in 
two folds. They are the training performance and the 
testing performance. We shall consider them separately 
as follows. 

2 2( )sin(5 ),  ,  [ 1x y y x y−

For the training performance, the convergent behavior 
is concerned. Usually, the convergent behavior is 
illustrated by learning histories, which will show training 
errors and the numbers of training epochs. In our 
comparison, two cases are considered. The first one is to 

have the same or approximately the same number of 
cells or rules and the other one is to have the same 
resolution in memories (i.e., blocks or linguistic terms). 
Also, two situations are considered; sparse or condensed 
blocks situations. Additionally, as mentioned earlier, 
there are two learning approaches, perceptron and 
backpropagation (BP), used in NFN. Both learning 
algorithms are employed in our study. 

First, we consider the sparse cases. In this situation, we 
choose a 2-D FCMAC model with two layers in each 
dimension, 5 blocks for each layer, and 50 cells totally. 
To satisfy the condition of approximately the same 
number of cells, NFN is selected to have 7 membership 
functions in each dimension and then there are 49 rules. 
To have the same resolutions in memories, a NFN with 
10 membership functions in each dimension and there 
are 100 rules. The learning histories of various models 
for those two examples are obtained and shown in 
Figures 4 and 5, respectively. The mean square errors 
(MSEs) of those training processes are all tabulated in 
Table 1. In example i, it can be found that the MSEs of 
FCMAC and of NFN with the perceptron learning can 
converge to a similar error level in the same or 
approximately the same number of cells or rules. But, 
the convergent speed of FCMAC is faster than that of 
NFN. But, in example ii, the error of FCMAC is bigger 
than that of NFN and the convergent speed of FCMAC is 
not faster than that of NFN. However, under the same 
resolution, NFN has a less convergent error than 
FCMAC does, but it needs more rules. Another 
interesting phenomenon is that NFN with the BP 
learning needs more time to converge than NFN with the 
perceptron learning does. 

Figure 4 The learning MSE of these simulations for example i 
in sparse cases. 
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Figure 5 The learning MSE of these simulations for example ii 

in sparse cases. 

Table 1 The learning MSE of these simulations for sparse 
cases. 

error×10-3

 epoch 
 nH 1st  10th  20th  30th  40th 50th 

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −  

FCMAC 50 3.2 0.4 0.5 0.3 0.2 0.2 

49 4.8 0.2x 0.2 0.2 0.2 0.2 NFN 
(per) 100 5.7 0.1 0.09 0.07 0.07 0.07 

49 14 0.3 02 0.2 0.2 0.2 NFN 
(BP) 100 17 0.4 0.1 0.1 0.09 0.08 

Example ii.  2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −
FCMAC 50 26 1.8 1.4 1.4 1.4 1.4 

49 18 0.5 0.45 0.41 0.4 0.4 NFN 
(per) 100 13 0.29 0.18 0.17 0.16 0.15 

49 32 0.8 0.5 0.49 0.46 0.45 NFN 
(BP) 100 26 0.48 0.27 0.22 0.19 0.18 
 
Next, the condensed cases are considered. Consider a 

2-D FCMAC model which has two layers in each 
dimension and with 16 blocks for each layer, and then 
there are 512 cells totally. For NFN, to satisfy 
approximately the same number of cells, the 2-D NFN 
used has 23 membership functions in each dimension 
and there are 529 rules. To have the same resolution, 
NFN has 32 membership functions in each dimension 
and there are 1024 rules. The results are shown in 
Figures 6 and 7 and the MSEs are listed in Table 2.  

 

Figure 6 The learning MSE of these simulations for example 
i in condensed cases. 

Figure 7 The learning MSE of these simulations for example 
ii in condensed cases. 

From those results, it can be found that when the 
structure of the fuzzy sets used (or say the blocks size) is 
condensed, the obtained results are more accurate than 
that of the sparse cases no matter which modeling 
approach is used. From those experiments, it is evident 
that FCMAC has the property of faster convergence and 
NFN has the property of more accurate learning. 

Now, the testing performance is considered or the 
generalization capability is concerned. It is to check 
whether the learned system can interpret unlearned 
patterns well. In addition to 1600 training data patterns, a 
new set of data must be used for testing. In this study, 
another 10000 data are arbitrarily generated within the 
considered domain, [-1 1]. In our study, two conditions 
are considered. The first one is to consider noise-free 
data and the other is to consider data with noise of which 
the mean and the standard deviation are 0 and 0.1, 
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respectively. In each simulation both sparse and 
condensed blocks are employed to check their effects. 
The simulation results are shown in Tables 3 and 4. 

 
Table 2 The learning MSE of these simulations for condensed 

cases. 
error×10-3

 epoch 
 nH 1st   10th  20th  30th  40th 50th 

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −  

FCMAC 512 3.2 0.4 0.5 0.3 0.2 0.2

529 4.6 0.2 0.2 0.2 0.1 0.1NFN 
(per) 1024 47 0.1 0.09 0.08 0.08 0.08

529 90 0.1 0.05 0.03 0.03 0.03NFN 
(BP) 1024 92 0.3 0.1 0.1 0.1 0.08

Example ii.  2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −

FCMAC 512 4.6 0.2 0.2 0.2 0.1 0.1

529 47 0.1 0.09 0.08 0.08 0.08NFN 
(per) 1024 90 0.1 0.05 0.03 0.03 0.03

529 92 0.3 0.1 0.1 0.1 0.08NFN 
(BP) 1024 140 0.3 0.1 0.09 0.06 0.04

 
Table 3 The testing MSE for noise-free data. 

error×10-3

 FCMAC NFN 

nH
50 512 49 100 529 1024

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −

perceptron 

0.6 0.06 0.6 0.07 

backpropagation 

MSE 
0.6 0.6 

0.3 0.06 0.6 0.07 

Example ii. 2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −

perceptron 

0.5 0.12 0.12 0.11 

backpropagation 

MSE 
0.45 0.15 

0.38 0.12 0.11 0.11 

From the results, it is obvious that the MSEs for 
noise-free data are less than that for noisy data. In both 
the sparse and condensed blocks situations, it can be 
found that the MSE of FCMAC is equal or less than that 
of NFN with the perceptron learning in the same or 
approximately the same number of cells or rules 

situation. However, in the same resolution of memories, 
the MSE of FCMAC is bigger than that of NFN with the 
perceptron approach. Additionally, if NFN is trained by 
the BP learning, the MSE of NFN will be less than that 
of FCMAC. Thus, we have reached a conclusion that 
FCMAC has better noise tolerance than NFN with the 
perceptron learning does. It is because FCMAC 
possesses the association characteristics. But, when the 
BP learning is employed for NFN, due to the 
optimization process of BP, the noise tolerance can 
become the best of all three approaches. 

 
 Table 4 The testing MSE for noisy data. 

error×10-3 

 
5. Numbers of Block and of Layer in FCMAC 

 
From the above simulation, it is evident that FCMAC 

can have better generalization capability. Then, another 
question arises: whether such advantages can be further 
improved if more layers are used? In this section, given a 
fixed number of cells, how many blocks and layers are 
required so that the learning performance is the best? It 
is easy to see that for a fixed number of cells, if there are 
more layers in each dimension of the 2-D CMAC model, 
then fewer blocks will be divided for each layer and vice 
versa. In this simulation, 144 hyper-cubes are considered 
and then there are five possible block-layer combinations: 
1) 1 layer and 12 blocks for each layer. 2) 4 layer and 6 
blocks for each layer. 3) 9 layer and 4 blocks for each 
layer. 4) 16 layer and 3 blocks for each layer. 5) 36 
layers and 2 blocks for each layer. 

The same learning constant is used for the first three 
conditions. But experiments with conditions 4 and 5 
need too many epochs to converge. Thus, a slight bigger 
value is used for the learning constant in conditions 4 

 FCMAC NFN 

nH
50 512 49 100 529 1024 

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −

perceptron 

0.8 0.3 0.87 1.5 

backpropagation 

MSE
0.7 0.7 

0.5 0.2 0.7 1.2 

Example ii. 2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −

perceptron 

0.53 0.38 0.95 0.15 

backpropagation 

MSE
0.5 0.82

0.46 0.32 0.83 0.12 



S.F. Su, et al.: Study on Fuzzy CMAC and Its Equivalence to Neural Fuzzy Networks                                139  

and 5, and it does not have much influence on the 
experiment results. After 100 training epochs, the 
learned systems are shown in Figures 8 and 9 for 
example i and example ii, respectively, and the MSEs of 
these conditions are listed in Table 5. In above 
simulations, it is found that the error convergence level 
of condition 5 is the worst and that of condition 4 is the 
next worst. In other words, when the number of layers 
increases, even though the association properties can 
have more complicated forms and supposedly, the 
generalization capability can be further improved. 
Nevertheless, when the layer number increases, the 
learning task becomes complicated too. In other words, 
in each learning iteration, more cells are involved for a 
training pattern and thus more cells are needed to be 
modified for a pattern. It is easy to see that it violates the 
minimum distribution principle [26], [30]. As a 
consequence, the learning becomes inefficient when the 
number of layers increases and then the learning 
performance is not good enough as expected. It is 
observed that the error convergence levels for conditions 
1 and 2 are approximately the same. It means the 
learning complexity is still tolerable for condition 2. 
Also it should be noted that during the 10th to the 20th 
epochs, the error convergence speed of condition 2 is 
faster than that of condition 1, and then they have 
approximately the same convergent error, after the 60th 
epoch. 

Next, the testing performances for these five 
conditions are considered. The same 10000 data are used 
as testing data and 100 learning epochs are conducted to 
ensure the convergence of the learning. Again, two sets 
of testing patterns with noise-free and with noise of 
which the mean and the standard deviation are 0 and 0.1 
are considered. The MSEs of those simulations are 
tabulated in Tables 6 and 7. From Tables 6 and 7, the 
testing errors of condition 1 and of condition 2 are the 
least, and condition 5 is still the worst of these five 
conditions. It is noted that in Table 6, the case with 
noise-free training data, the MSE of condition 1 is less 
than that condition 2. But from Table 7, the case with 
noisy data, the MSE of condition 2 is less than that of 
condition 1. Thus, we can say the noise tolerance of 
condition 2 is better than condition 1. This coincides 
with the conclusion obtained in the previous section. 

 
6. Conclusions 

 
This study discusses the learning performances of 

FCMAC and of NFN. Intuitively, FCMAC is like NFN 
but with more than one layers. Since FCMAC has more 
than one layer to improve the association while 
retrieving data, the generalization capability is better 
than that of NFN. Thus, it is anticipated that FCMAC 

can have good learning speed and nice noise tolerance. 
Through these simulations conducted in our study, 
FCMAC indeed have those properties as we expected. 
As for the accuracy, the performance of FCMAC is equal 
to or worst than that of NFN. The reason is that when 
more layers are used, the learning task become 
complicated. Also due to more cells being involved in 
the learning, the minimum distribution principle states 
that such a learning process will be less efficient. 

Figure 8 The learning MSE of these FCMAC models with 
different structures for example i. 

 
Figure 9 The learning MSE of these FCMAC models with 

different structures for example ii. 
 
 
Table 5 The learning MSE at certain epochs in these FCMAC 
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models with different structures. 
epoch 

 L # B #  
1st 10th 20th 40th 60th 80th 100th

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −  

1 1 12 70 0.8 0.47 0.28 0.21 0.18 0.15

2 4 6 25 0.9 0.4 0.25 0.21 0.17 0.14

3 9 4 20 3 1.73 1.5 0.5 0.48 0.48

4 16 3 48 39 35 29 26 24 22 

5 36 2 99 79 70 64 62 60 58 

Example ii.  2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −

1 1 12 58 1.9 1.2 0.57 0.4 0.3 0.3 

2 4 6 55 1.9 0.9 0.7 0.5 0.3 0.3 

3 9 4 60 23 14 9 7 5 4.9 

4 16 3 26 38 35 31 29 27 26 

5 36 2 34 51 46 39 36 31 33 

Table 6 The testing MSE for these five conditions with 
noise-free data. 

error×10-3

 1 2 3 4 5 

Layer 1 4 9 16 36 

Blocks 12 6 4 3 2 

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −
MSE 

0.09 0.12 0.769 32 290 

Example ii. 2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −
MSE 

0.177 0.234 3.7 36.1 72 

Table 7 The testing MSE for these five conditions with noisy 
data. 

error×10-3

 1 2 3 4 5 

Layer 1 4 9 16 36 

Blocks 12 6 4 3 2 

Example i. sin( ) cos( ),   , [ 1,1]x y x yπ π⋅ ∈ −
MSE 

0.3 0.22 0.8 33 291 

Example ii. 2 2( )sin(5 ),  ,  [ 1,1]x y y x y− ∈ −
MSE 

0.378 0.324 3.8 37 73 
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